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The injection of an elongated bubble into a microchannel is a well-established strategy
for enhancing convective heat transfer, with applications ranging from electronics cooling
to miniaturized heat exchangers. So far, a rigorous characterization of the heat removal
capabilities of elongated bubbles (also known as Bretherton’s or Taylor’s bubbles) is still
lacking. To address this gap, we investigate the forced convection problem in the thin film
formed by an elongated bubble under uniform wall heat flux, examining the competition
between advection, diffusion, viscous dissipation, and an imposed heat flux at the channel
walls. By means of two-scale asymptotic analysis, we derive a one-dimensional advection-
diffusion–heat-transfer equation with shape-dependent effective coefficients. This model
generalizes the classical Graetz problem to capillary-driven flows and extends the Aris-
Taylor dispersion to the case of an elongated bubble, clarifying the interplay between
the imposed heat flux and the recirculating flow patterns at both front and rear menisci.
Interestingly, the model recovers the Péclet-squared scaling of the effective diffusion
coefficient and can be used to determine the heat transfer coefficient in the film region. In
fact, we derive a closed-form scaling law for the Nusselt number, revealing the influence
of the problem parameters (i.e., the bubble profile and the axial temperature gradient) and
the dimensionless groups (Péclet, Brinkman, and capillary numbers) on forced convec-
tion. Grounded in first principles, our analysis contributes to a deeper understanding of
capillary-driven forced convection in confined environments.

DOI: 10.1103/tf8n-pmmb

I. INTRODUCTION

Understanding the dynamics of two-phase gas-liquid flows in microchannels is relevant to many
engineering application, ranging from heat-exchangers to small-scale reactors. In these contexts,
the topology of the flowing phases determines the existence of several flow patterns (i.e., stratified,
core-annular, intermittent or slug, and dispersed flows) that profoundly affect the heat transfer
rate. In particular, due to the dominant effect of surface tension, the most common flow pattern
is characterized by the presence of elongated bubbles surrounded by a thin liquid film and separated
by liquid plugs (see, for example, Ref. [1]). When a long bubble flows in a capillary tube, in fact,
it assumes the typical bullet shape and is often referred to as a Taylor or Bretherton bubble after
their seminal works in the early 1960s [2,3]. Historically, the name “Taylor bubble” was proposed
for the first time by Griffith and Wallis [4] and Brown [5], referring to large gas volumes rising in
a large-diameter tube after the work of Davies and Taylor [6], but, later on, it has also been used to
denote trains of elongated bubbles in small-diameter tubes (see Taylor flow in Refs. [7,8]).

So far, most of the studies have focused on heat transfer enhancement closed to an elongated
bubble in the context of boiling and cooling applications such as in the context of heat-pipes [9,10].
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These results are summarized in recent review papers (just to mention a few [11–13]) where the
evaporating/condensing elongated bubble is often investigated experimentally [14,15], or in terms
of mechanistic models, such as the widely used three-zone model developed by Thome et al. [16],
Dupont et al. [17], Szczukiewicz et al. [18], or by means of numerical simulations [19,20]. Also,
there is a growing interest in the dynamics of evaporation in very thin films, known as microlayer
[21–24].

However, the heat transfer problem in the absence of phase change, where the elongated bubbles
are obtained by injection of an immiscible dispersed phase, has received limited attention. Although
this class of two-phase flows finds application in compact heat exchangers embedded in printed
circuit boards [25,26] and microreactors [1], most of the existing works is primarily experimental
or numerical (see the recent reviews in Refs. [26–29]). A theoretical framework, able to provide
a better understanding of the relevant physical mechanisms at play in forced convection around a
non evaporating/condensing elongated bubble, is still lacking. Specifically, experimental evidences
point out that the presence of elongated bubbles enhances heat transfer compared to single-phase
flow but the impact of flow characteristics (e.g., the velocity field, the slug length, the liquid fraction,
fluid thermal properties, and thermal boundary conditions) on thermal performance [30] is still not
fully understood.

In fact, it is common practice to model the heat transfer coefficient using semiempirical correla-
tions (e.g., Refs. [31–35]) formulating the Nusselt number in analogy with the single-phase scenario
[36,37]. Unfortunately, the predictions of these correlations presents a large variability [26]. Only
recently, Che et al. [38] proposed a model for a train of elongated bubbles, but, since the bubbles are
treated as a sequence of rectangular wall-wetting plugs, the effect of the the thin film surrounding
the bubble on forced convection is not accounted for.

One way to deal with this thermal problem is to take inspiration from hydrodynamic dispersion,
which has been extensively investigated from a theoretical perspective, starting from the pioneering
works of Taylor [39] and Aris [40], later extended to various contexts (e.g., Refs. [41–44]) including
Taylor bubbles [45]. In fact, heat and mass transfer share similar governing equations, while the
boundary conditions reflect different physical constraints across interfaces (i.e., a solid wall or other
phases). In particular, the constant heat flux boundary condition and viscous dissipation term are
formally analogous to a permeable boundary and a volumetric chemical reaction source in mass
transfer, respectively. However, the mass transfer problem considered by Picchi and Poesio [45] is
based on a Robin boundary condition, which models a finite-rate interfacial exchange process (e.g.,
absorption, desorption, dissolution, evaporation, or noninstantaneous surface reactions). In contrast,
the isoflux condition adopted here corresponds to the limiting case of an infinitely large transfer
coefficient (i.e., vanishing interfacial resistance), which leads to a different coupling between
the solid and fluid phases and, consequently, to a distinct transport behavior. So far, extensions
of dispersion theory to heat transfer remain limited, mostly restricted to single-phase flows in
insulated or radiant pipes [46,47] and combustion processes [48]. In the context of two-phase
flows, an effective model for two-phase forced convection valid for both gas-liquid and liquid-liquid
core-annular flows was developed in Botticini et al. [49]. Although the core-annular pattern has
proven to be a useful idealization of more complex flow regimes such as elongated bubbles (see
Refs. [16,50–52]), a rigorous analytical description of heat transfer in the thin film around a single
elongated bubble is still lacking.

To address these limitations, the goal of this paper is to investigate the forced convection around a
single elongated bubble in a horizontal capillary tube under uniform wall heat flux. We will focus on
regimes where phase change is absent and inertial and gravitational effects are negligible. Starting
from first principles, we generalize the perturbation scheme that characterizes the classical Taylor
dispersion to the temperature field in the thin-film flow surrounding an elongated inviscid bubble.
Specifically, the flow field and the shape of the bubble are the ones proposed by Bretherton [3] (i.e.,
the low capillary number regime), as typical of a broader class of coating problems [53,54]. We aim
to obtain a reduced-order effective description that explains the physical mechanisms behind the
enhancement on the heat transfer coefficient.
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FIG. 1. Sketch of the elongated bubble moving in a uniformly heated channel. The hat operator denotes the
dimensional variables.

The manuscript is structured as follows. We first review the thin–film flow around the elongated
bubble (Sec. II A), present its energy balance (Sec. II B) and make the problem dimensionless
(Sec. II C). By means of two-scale asymptotic expansion (Sec. III A), we derive a one-dimensional
upscaled equation for the depth-averaged film temperature as function of space and time (Sec. III B),
and specify its applicability conditions (Sec. III C). The resulting effective model is then solved
numerically (Sec. III D) to study the evolution of the effective heat-transfer coefficients and the
temperature field (Sec. IV A). Subsequently, we derive a closed-form expression for the local
Nusselt number (Sec. IV B), quantifying the competition between convection and conduction in the
liquid film. Finally, we analyze the heat transfer dynamics thorough the film in terms of the averaged
Nusselt number (Sec. IV C). A summary discussion is presented in the concluding section (Sec. V).

II. PROBLEM FORMULATION

A. Flow in the thin film of the elongated bubble

We consider a single inviscid elongated bubble that flows at speed Ub in an infinitely long
channel of half-size R, see Fig. 1, in regimes where inertia and gravity can be neglected, namely, the
Reynolds and the Bond number are both small (i.e., Re = ρ f Ub R/μ f � 1 and Bo = ρ f gR2/σ �
1 where ρ f , μ f , and σ are the fluid density, viscosity, and surface tension, respectively). The motion
is driven by a steady flow far behind the bubble with average speed U∞ and the bubble is assumed
to be sufficiently long so that there exists a region of uniform film thickness h∞ � R at the bubble
center.

At the front and the rear of the bubble the meniscus is spherical, while, in the transition region
in between, it follows the similarity profile typical of the Landau-Levich-Derjaguin-Bretherton
problem [3,54]. Specifically, in a reference frame attached to the bubble, the film thickness
η̂(ξ̂ , t̂ ) = η̂(x̂ − Ub t̂, t̂ ) is described by the following similarity equation [3]

d3η

dξ 3
= η − 1

η3
, (1)

with

ξ = ξ̂

h∞(3 Ca)−1/3
, η = η̂

h∞
, and Ca = μ f Ub

σ
� 1, (2)

where ξ is is the dimensionless stretched axial coordinate, η is the dimensionless film thickness,
and Ca is the capillary number. The Bretherton’s similarity equation results from the lubrication
theory and holds in the transition region of length L depicted in Fig. 1, whose order of magnitude is
obtained balancing the pressure drop along the axial direction with the pressure jump generated by
the curved meniscus as L = h∞(3 Ca)−1/3; see Refs. [3,54,55].

The bubble meniscus is obtained by integration of (1) starting from the uniform film where η ≈ 1.
Specifically, integrating Eq. (1) in the positive direction gives the front profile, which, for η � 1,
joins a parabolic profile of constant curvature. There, the meniscus is matched to a spherical cap of
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radius R, giving the asymptotic relation for the film thickness,

h∞
R

= 0.643 (3 Ca)2/3. (3)

Integration of Eq. (1) toward the negative direction yields the rear profile, which exhibits the typical
undulations; see Fig. 9. The integration in both the front and the rear is carried out numerically
following the methodology outlined in Bretherton [3], Picchi et al. [55]. The Bretherton equation (1)
together with the asymptotic matching condition (3) is accurate at sufficiently small capillary
numbers (e.g., Habibi Matin and Moghaddam [56] reports Ca < 0.003), such that the liquid–vapor
interface in the transition region is nearly parallel to the channel wall (|∂ξ̂ η̂| � 1), and the liquid
film thickness is much smaller than the channel radius (η̂ � R). Deviations from Bretherton’s theory
when these assumptions break down are discussed in Appendix A.

Note that, although Bretherton theory [3] builds on a planar geometry, in the small capillary
number limit (Ca � 1) the circular and planar geometries are asymptotically equivalent, as shown
in Appendix B. Interestingly, the elongated bubble always flows faster compared to the flow ahead,
and mass conservation yields [54]

Ub − U∞
Ub

= (1 + m)
h∞
R

, where m =
{

0 for planar channel,
1 for circular tube. (4)

B. Energy balance in the film

We study the forced convection in the thin liquid film around the elongated bubble subjected to
a constant wall heat flux q′′

w in the absence of phase change, as shown in Fig. 1. The internal energy
balance in a reference frame attached to the bubble is given by

ρ f cp

(
∂T̂

∂ t̂
+ (û − Ub)

∂T̂

∂ξ̂
+ v̂

∂T̂

∂ ŷ

)
= κ f

(
∂2T̂

∂ξ̂ 2
+ ∂2T̂

∂ ŷ2

)
+ �̂, (5)

where T̂ (ξ̂ , ŷ, t̂ ), cp, κ f are the fluid temperature, the isobaric mass heat capacity, and the thermal
conductivity of the liquid, respectively, and û(ξ̂ , ŷ) and v̂(ξ̂ , ŷ) are the velocity profiles in the
axial and traverse direction obtained via the lubrication approximation as in Ref. [3]; the thermal
diffusivity is defined as α f = κ f /(ρ f cp). All the physical properties are assumed uniform and
constant. The term �̂ is the rate of viscous dissipation of mechanical energy per unit mass and
reads

�̂ = μ f

[
2

(
∂ û

∂ξ̂

)2

+ 2

(
∂ v̂

∂ ŷ

)2

+
(

∂ û

∂ ŷ
+ ∂ v̂

∂ξ̂

)2
]
. (6)

At the channel wall, ŷ = 0, we assume that a uniform heat flux is imposed [57], leading to

q′′
w = −κ f (∇̂T̂ · nw )|ŷ=0 = κ f

∂T̂

∂ ŷ

∣∣∣∣∣
ŷ=0

, (7)

where the outward-directed unit vector is given by nw = (0; −1), as shown in Fig. 1. At the film-
bubble interface, ŷ = η̂, we impose continuity of temperature and heat flux, while the entire domain
is initialized with a temperature equal to Tref .

C. Dimensionless formulation

To make the problem dimensionless, we identify its characteristic scales. Specifically, the rele-
vant scale in the transverse direction is the uniform film thickness h∞ while in the axial direction
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we use the length of the transition region L. This allow us to define a small-scale parameter as

ε = h∞
L

= (3 Ca)1/3 � 1. (8)

Among the different timescales of the thermal problem, namely, the transversal, Td, h = h2
∞/α f , and

longitudinal, Td, L = L2/α f , heat diffusion timescales, and the advective timescale, Ta = L/Ub, the
time in the energy balance is made dimensionless according to the advective one by analogy with
the Aris-Taylor dispersion [39,40]. This means that we are interested in modeling a time window
where traverse diffusion can be considered instantaneous, but longitudinal diffusion competes with
advection.

Thus, we make the energy balance and its boundary conditions dimensionless by introducing the
following dimensionless quantities:

ϑ = ρ f cp (T̂ − Tref )Ub h∞
|q′′

w|L , t = t̂

L/Ub
, u = û

Ub
, v = v̂

ε Ub
, � = �̂

μ f U 2
b /h2∞

. (9)

The dimensionless temperature ϑ quantifies the energy convected within the film relative to that
supplied through the wall, with the temperature deviation T̂ − Tref serving as the main variable
[58]. The axial and transverse coordinates are made dimensionless based on L and h∞, respectively,
according to the Bretherton theory, i.e., ξ = ξ̂ /L and y = ŷ/h∞; see Eq. (2). This leads to

ε2 Pe

[
∂ϑ

∂t
+ (u − 1)

∂ϑ

∂ξ
+ v

∂ϑ

∂y

]
= ε2 ∂2ϑ

∂ξ 2
+ ∂2ϑ

∂y2
+ ε2 Pe Br �, (10)

where y ∈ [0; η(ξ )] and the absolute components (u, v) of the velocity field and the viscous
dissipation function �(η, y) are given in Appendix C. The Péclet number can be seen as the ratio
between advection and thermal diffusion and is defined as

Pe = L Ub

α f
. (11)

When Pe � 1, diffusion dominates over advection, while for Pe � 1, advection plays a major role
with respect to diffusion. The Brinkman number accounts for the competition between the thermal
power per unit mass produced by viscous dissipation and the one transferred from the solid walls,
and is defined as

Br = μ f U 2
b

|q′′
w| h∞

. (12)

The uniform flux boundary condition imposed at the wall, y = 0, leads to

∂ϑ

∂y

∣∣∣∣
y=0

= ν ε2 Pe, with ν = sgn(q′′
w ), (13)

where ν = ± 1 denotes heat flux leaving or entering the tube, respectively. Typically, ν = −1 in
experimental setups where the tube is heated via external resistive elements (e.g., Ref. [59]). At the
gas-liquid interface, y = η, the outward unit normal vector to the liquid phase (see Fig. 1) is

n|y=η = (nξ ; ny) =
(

−ε dη/dξ√
1 + ε2 (dη/dξ )2

;
1√

1 + ε2 (dη/dξ )2

)
, (14)

and the continuity of thermal fluxes, κ f (∇̂T̂f · n)|ŷ=η̂
= κb(∇̂T̂gas · n)|ŷ=η̂

, yields(
∂ϑ

∂y
− K ∂ϑgas

∂y

)∣∣∣∣
y=η

− ε2 dη

dξ

(
∂ϑ

∂ξ
− K ∂ϑgas

∂ξ

)∣∣∣∣
y=η

= 0, (15)
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where the dimensionless bubble temperature is defined as ϑgas = ρ f cp (T̂gas − Tref )Ub h∞/(|q′′
w|L),

and

K = κb

κ f
(16)

is the conductivity ratio. In this work, we are primarily interested in gas-liquid systems, where
such ratio is typically of O(K) = 10−2; see Table I in Botticini et al. [49]. We will show in the
following that, when K → 0, the phases are thermally decoupled, reducing the boundary condition
(15) to a one-sided model, and making the temperature continuity condition at the interface, namely,
ϑ |y=η = ϑgas|y=η, unimportant for the purpose of our analysis. The problem is closed imposing the
initial condition as a uniform temperature distribution for both phases in the absolute reference
frame (x, y, t ):

ϑ (0, y, 0) = ϑgas(0, y, 0) = 0, (17)

and its reformulation in the moving reference frame (ξ, y, t ) will be discussed in Sec. III D.

III. THEORETICAL DERIVATION

In this section we derive the one-dimensional advection-diffusion-heat-transfer equation that
describes the forced convection in the film region of an elongated bubble. First we outline the
mathematical procedure, and then we apply it to the energy equation in the thin film.

A. Two-scale asymptotics of the energy equation

The main idea is to obtain a reduced-order model for the forced convection in the thin film in
terms of its averaged temperature. To do so, we use two-scale asymptotic expansions of the energy
equation building on the work of Ref. [60]:

(1) We start from the energy balance in dimensionless formulation, Eqs. (10), (13), and (15),
where a small-scale parameter ε � 1 has been identified to decouple axial and transverse heat
transfer.

(2) Each dimensionless group in the governing equations (11), (12), and (16) is expressed in
terms of integer powers of the scale parameter [or the capillary number, see Eq. (2)]:

Pe = ε−p, Br = εb, K = εk, (18)

where the exponents p, b, and k define the system behavior and can be selected independently. This
is typical of perturbation methods (see, e.g., Refs. [61,62]) and allows the different terms of the
expanded energy balance to jump from one order to the other controlled by the order of magnitude
of the dimensionless numbers.

(3) The temperature ϑ (ξ, y, t ) is, then, expanded in Eqs. (10), (13), and (15) into a power series
as

ϑ (ξ, y, t ) = ϑ (0)(ξ, y, t ) + ε2−p ϑ (1)(ξ, y, t ) + ε2(2−p) ϑ (2)(ξ, y, t ) + · · · , (19)

where the perturbation parameter is the ratio of the competing characteristic timescales of thermal
dispersion, i.e., Td, h/Ta = ε2−p. This choice helps in identifying the desired time window where the
transverse diffusion can be considered instantaneous if compared to axial diffusion and advection.

(4) Substituting the power-series expansion (19) into the governing equations and collecting
terms by order yields a cascade of boundary-value problems for ϑ (n) that are solved sequentially.
The goal is to find an equation for the averaged temperature in the film defined as

〈ϑ〉 ≡ 1

η

∫ η

0
ϑ (ξ, y, t ) dy. (20)
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We will show in the next section that the zeroth-order temperature ϑ (0) is the averaged temperature
in the film while the higher-order terms, ϑ (n) with n � 1, can be seen as fluctuations around the
mean with zero mean [63].

(5) The last step is to check that, at each order, the existence and uniqueness of the solution
is guaranteed. This requirement – also known as Fredholm alternative [64] and compatibility or
solvability condition – states that the boundary-value problem at each order has zero average
over [0; η]. So far, several strategies have been proposed to ensure the compatibility condition
[65]: adopting a moving reference frame with stretched length scales [39,40,49,66]; expanding
variables over multiple time coordinates [63,67]; or adding and subtracting tailored advective terms
[43,45,60,68]. In this work, we follow the latter approach.

(6) As a result of steps (i)–(iv), we obtain that, for certain combinations of the dimensionless
parameters (Pe, Br, K), it is possible to decouple the heat transfer between the axial and the
transverse directions, and, therefore, an effective model can be formulated in terms of the averaged
temperature. These conditions can be summarized in an applicability map [in terms of the exponents
defined in Eq. (18)], which rigorously define conditions where the one dimensional description of
forced convection in the film holds or not.

B. Derivation of the effective model

Following the procedure described in Sec. III A, we expand the variables in a power series in
ε2−p as in Eq. (19) into the energy balance (10)

ε2−p ∂tϑ
(0) + ε2(2−p) ∂tϑ

(1) + ε2−p(u − 1)∂ξϑ
(0) + ε2(2−p)(u − 1)∂ξϑ

(1)

+ ε2−p v ∂yϑ
(0) + ε2(2−p) v ∂yϑ

(1)

= ε2 ∂ξξϑ
(0) + ∂yyϑ

(0) + ε2−p ∂yyϑ
(1) + ε2(2−p) ∂yyϑ

(2) + ε2−p+b � + · · · , (21a)

and its boundary conditions (13) and (15) at the channel wall

∂yϑ
(0)|y=0 + ε2−p ∂yϑ

(1)|y=0 + ε2(2−p) ∂yϑ
(2)|y=0 + · · · = ν ε2−p, (21b)

and at the fluid-gas interface

∂yϑ
(0)|y=η + ε2−p ∂yϑ

(1)|y=η + ε2(2−p) ∂yϑ
(2)|y=η − εk ∂yϑgas|y=η+

− ε2 ∂ξη ∂ξϑ
(0)|y=η − ε4−p ∂ξη ∂ξϑ

(1)|y=η + εk+2 ∂ξη ∂ξϑgas|y=η + · · · = 0, (21c)

where the order of magnitude of the governing parameters (i.e., the exponents p, b, k) has been
chosen to keep the maximum number of terms at each order [69–71]. Note that in this section we
use a compact notation for time and spatial derivatives for the sake of brevity.

1. Leading order

At the leading order, the boundary value problem for ϑ (0) is homogeneous,⎧⎪⎨⎪⎩
∂yyϑ

(0) = 0,

∂yϑ
(0) = 0 at y = 0,

∂yϑ
(0) = 0 at y = η,

(22a)

(22b)

(22c)

ensuring that it admits a solution independent of y, namely, ϑ (0)(ξ, t ) = 〈ϑ〉(ξ, t ). This means that
the zeroth-order temperature is the averaged temperature in the film; see Eq. (20). This is true as
long as 0 � p < 2 (or 1 � Pe � ε−2) and b � 0 (or Br � 1), meaning that thermal transport has to
take place within the dispersive time window, and viscous dissipation has to enter the problem as an
O(ε2−p) contribution or lower.

By inspection of the expanded boundary condition (21c), we impose an additional constraint as
k > 2(2 − p), or K � (ε2Pe)2, that reduces the model to a one–sided formulation. In other words,
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the gas-liquid interface is assumed to be adiabatic and the bubble temperature field ϑgas enters the
problem only beyond the order O(ε2(2−p) ).

2. Next order

Since the leading-order problem is homogeneous, i.e., ϑ (0) = 〈ϑ〉(ξ, t ), the term ∂yϑ
(0) in

Eq. (21a) vanishes, and, at the next order O(ε2−p), we find the following equation for ϑ (1):⎧⎪⎨⎪⎩
∂tϑ

(0) + (u − 1) ∂ξϑ
(0) = ∂yyϑ

(1) + εb �,

∂yϑ
(1) = ν at y = 0,

∂yϑ
(1) = εp ∂ξη ∂ξϑ

(0) at y = η.

(23a)

(23b)

(23c)

According to the solvability condition (see Sec. III A), a solution exists if and only if the partial
differential equation (23a) has zero average over [0; η]. To satisfy this requirement, we follow the
strategy from Rubinstein and Mauri [43], Mikelić et al. [68], decomposing the axial velocity as
follows:

u − 1 = u − 〈u〉︸ ︷︷ ︸
(a)

+〈u〉 − 1︸ ︷︷ ︸
(b)

, (24)

to isolate its deviation around the mean, (a), which has zero average, from the remaining part, (b),
which is uniform in y. After making such decomposition, by averaging Eq. (23a) over the film and
applying the boundary conditions (23b) and (23c), we obtain

∂tϑ
(0) + (〈u〉 − 1)∂ξϑ

(0) − η−1(εp ∂ξη ∂ξϑ
(0) − ν) − εb 〈�〉 = 0. (25)

Unfortunately, the solvability condition via the identity (25) is not satisfied because the boundary
and initial data are incompatible [60]. Therefore, the strategy proposed by Rubinstein and Mauri
[43] is to relax (25) by assuming that such equation is satisfied only up to O(ε(2−p) ), namely,

∂tϑ
(0) + (〈u〉 − 1)∂ξϑ

(0)︸ ︷︷ ︸
Rlhs

= η−1(εp ∂ξη ∂ξϑ
(0) − ν) + εb 〈�〉︸ ︷︷ ︸
Rrhs

+O(ε(2−p) ), (26)

or, in other words, that the residual is small, R = Rlhs − Rrhs = O(ε(2−p) ), and jumps to the next
order. Specifically, we make use of the solvability condition, first, isolating the second-order term
in Eq. (23a) and using the velocity decomposition (24) as

∂yyϑ
(1) = ∂tϑ

(0) + (〈u〉 − 1) ∂ξϑ
(0)︸ ︷︷ ︸

Rlhs

+(u − 〈u〉) ∂ξϑ
(0) − εb �, (27)

and, then, replacing Rlhs with Rrhs in Eq. (27) using Eq. (26), leading to a regularized boundary
boundary value problem

∂yyϑ
(1) = (u − 〈u〉)∂ξϑ

(0) − εb(� − 〈�〉) + η−1(εp ∂ξη ∂ξϑ
(0) − ν) + O(ε(2−p) ), (28)

where the residual of the order of O(ε(2−p) ) jumps to the next order.
The solution is finally obtained by integrating Eq. (28) twice and the two integration constants

are found using either Eq. (23b) or Eq. (23c), together with the zero-average gauge condition, i.e.,
〈ϑ (1)〉 = 0. This gives the solution for the order one term of the asymptotic expansion as

ϑ (1)(ξ, y, t ) = (Ma + εp ∂ξηM
 )∂ξϑ
(0) + εb M� + ν Mq, (29)

where the following B-fields (named after Ref. [72])

Ma = (η − 1)(8 η4 − 60 η2 y2 + 60 η y3 − 15 y4)

120 η3
, M
 = 3 y2 − η2

6 η
, (30a)

M� = (η − 1)2(8 η4 − 60 η2 y2 + 60 η y3 − 15 y4)

20 η6
, Mq = −2 η2 − 6 η y + 3 y2

6 η
, (30b)
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describe the effective contributions of advection (Ma), film shape (M
), viscous dissipation (M�),
and wall heat flux (Mq).

3. Next next order

At the next next order O(ε2(2−p) ), the boundary value problem for ϑ (2) from (21a), plus the the
residual R defined in Eq. (26) and resulting from the solvability condition of the previous order, is
given by ⎧⎪⎪⎨⎪⎪⎩

∂tϑ
(1) + (u − 1) ∂ξϑ

(1) + v ∂yϑ
(1) + εp−2 R = ∂yyϑ

(2) + ε2p−2 ∂ξξϑ
(0),

∂yϑ
(2) = 0 at y = 0,

∂yϑ
(2) = εp ∂ξη ∂ξϑ

(1) at y = η.

(31a)

(31b)

(31c)

Since we are interested only in deriving an effective equation for the averaged temperature, it not
necessary to solve for ϑ (2), but it is sufficient to enforce the solvability condition on Eq. (31).
Specifically, we replace ϑ (1) using the solution at the previous order (29), and, then, depth-average
the equation (31a) using its boundary conditions (31b) and (31c). By doing so, the terms that are
independent of y remain unchanged, while the average of the time derivative is zero since the film
profile is a function of the axial coordinate only yielding 〈∂tϑ

(1)〉 = ∂t 〈ϑ (1)〉 = 0.
The result of the average is an advection-diffusion-heat-transfer equation for the zeroth-order

temperature (or the averaged temperature)

∂ϑ (0)

∂t
+ (u� − 1)

∂ϑ (0)

∂ξ
= εp D� ∂2ϑ (0)

∂ξ 2
+ εb �� − ν q�, (32)

where the effective coefficients for advection, diffusion, viscous heating, and the imposed flux are
defined as

u� = u0 + ε2
8∑

i=1

ui + u9, D� = 1 + ε2
3∑

i=0

Di, �� = �0 + ε2
3∑

i=1

�i, q� = q0 + ε2
3∑

i=1

qi,

(33)
with the full expressions reported in Table I.

C. One-dimensional advection-diffusion-heat-transfer equation and the applicability conditions

To sum up, the procedure, outlined schematically in Fig. 2(a), yields a one-dimensional
advection-diffusion-heat-transfer equation for the averaged temperature in the film:

∂〈ϑ〉
∂t

+ (u� − 1)
∂〈ϑ〉
∂ξ

= D�

Pe

∂2〈ϑ〉
∂ξ 2

+ Br �� − ν q�, (34)

where u�, D�, �� and q� denote the effective advection, diffusivity, viscous dissipation, and heat
flux coefficients, respectively. Their full expressions are provided in Table I and Eq. (33).

As outlined in the derivation, Eq. (34) holds only for a specific range of the dimensionless groups,
namely,

(a) ε � 1, (b) 1 � Pe � ε−2, (c) Br � 1, (d) K � (ε2 Pe)2. (35)

Such criteria provide sufficient conditions for the effective model to describe the averaged tempera-
ture field asymptotically, and the corresponding applicability map is shown in Fig. 2(b). Specifically,
(a) ensures the use of the lubrication approximation in the thin film; (b) bounds the Péclet number
based on the dispersive timescale hierarchy, i.e., Td, h � Ta < Td, L; (c) limits the shear heating; (d)
ensures that the temperature field in the film is decoupled with respect to the one inside the bubble
(i.e., the one-sided formulation) enforcing that the bubble temperature contributes only at higher
orders (beyond n = 2, up to which model consistency is guaranteed).

063602-9



BOTTICINI, PICCHI, AND POESIO

TABLE I. Effective coefficients, according to Eq. (33). Each contribution ui (top tables), Di, �i, qi (bottom
table) is expressed as the product of a “Shape” and a “Type” term. Specifically, “Shape” is a function of
the local film thickness only; “Type” is the driving term that captures the effect of the Péclet number, the
interface concavity (∂ξξ η) and slope (∂ξη). To isolate the impact of the latter, the transverse velocity is written
as v ≡ v† ∂ξη, see Eq. (C1); the film-relative velocity is indicated by prime notation, i.e., u′ ≡ u − 1. The
column “Mechanism” identifies the physical origin of each term; mechanisms denoted with a single (∗) or
double (∗∗) asterisk correspond to the regularizing boundary conditions (23b) and (23c), respectively.

u� Mechanism Shape Type u� Mechanism Shape Type

u0 〈u〉 η − 1

η
1 u3 〈u′ ∂ηM
〉 47 − 7 η

120 η
∂2

ξ η

u9 ∗∗ − 1

η
∂ξη Pe−1 u4 〈v† ∂yM
〉 7 η − 18

40 η
∂2

ξ η

u1 〈u′ ∂ηMa〉 − (η − 1)(24 η + 41)

840 η
∂ξη Pe u5 −η−1∂ηMa|η 7(2 η − 1)

120 η
∂2

ξ η

u2 〈v† ∂yMa〉 (η − 1)(19 − 8 η)

280 η
∂ξη Pe u7 −η−1∂ηM
|η 2

3 η
∂3

ξ η Pe−1

u6 〈u′ M
〉 7(η − 1)

120
∂ξξ η u8 −η−1M
|η −1

3
∂ξη ∂ξξ η Pe−1

D� Mechanism Shape �� Mechanism Shape q� Mechanism Shape Type

D0 −〈u′ Ma〉 2(η − 1)2

105
Pe2

�0 〈�〉 3 (η − 1)2

η4
q0 *

1

η
1

D1 −〈u′ M
〉 −7(η − 1)

120
�1 −〈u′ ∂ηM�〉 (η − 1)2(89 − 8 η)

140 η4
q1 〈u′ ∂ηMq〉 7 η + 13

120 η
∂ξη Pe

D2 η−1Ma|η −7(η − 1)

120
�2 −〈v† ∂yM�〉 3(η − 1)2(8 η − 19)

140 η4
q2 〈v† ∂yMq〉 3 η − 7

40 η
∂ξη Pe

D3 η−1M
|η 1

3
�3 η−1∂ηM�|η −7(η − 1)

10 η4
q3 −η−1∂ηMq|η − 1

6 η
∂2

ξ η

D. Numerical solution and boundary conditions of the effective model

The numerical solution of Eq. (34) requires the evolution of the film profile, since it shapes
its effective coefficients. Specifically, η(ξ ) is obtained solving Eq. (1) separately for the rear and
front menisci, using MATLAB’s ordinary differential equation (ODE) solver ode45 as outlined in
Refs. [45,55]. Setting the length L of the transition regions at the front and rear to �lfront = �lrear =
15, we get the corresponding film menisci as shown in Fig. 9. This choice ensures that the second
derivative of the interface profile converges to its asymptotic value, d2η/dξ 2 → 0.643 when |ξ | =
O(�lfront ) = O(�lrear ), allowing the computed menisci to match the fore and aft spherical cap,
respectively. An additional region of uniform thickness (where η = 1) of length l can be artificially
introduced between the front and the rear extending the studied domain of l/2 on either side of
ξ = 0 to analyze the impact of the bubble length on the averaged Nusselt number as in Sec. IV C.
An example of the overall film profile obtained in this way is shown in Fig. 1.

Given the bubble shape, the equation (34) is solved numerically using MATLAB’s built-in one-
dimensional partial differential equation (PDE) solver pdepe. Such solver employs a second-order
accurate spatial discretization to convert the original problem into a system of ODEs, and integrates
them by dynamically adapting both the time step and the order of the scheme [73]. A uniform mesh
with spacing �ξ ≈ 0.089 is used to resolve the film region, while the relative and absolute time-
integration tolerances are set to 10−8 to ensure high accuracy. The boundary and initial conditions
for the averaged temperature 〈ϑ〉 are determined via the energy balance in the channel ahead and
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FIG. 2. (a) Schematic of the upscaling technique, representing the temperature in the film domain y ∈
[0; η(ξ )] as the sum of a uniform leading-order variable ϑ (0) ≡ 〈ϑ〉 corrected by zero-mean higher-order
fluctuations ϑ (n). The first-order corrections (n = 1), the wall (w) and the bulk temperature (b) are plotted.
(b) Applicability map showing the region of the parameter space (p, b, k) where the effective model (34) is
valid, see Eqs. (35) and (18): 0 � p < 2, b � 0, and k > 2(2 − p).

behind of the elongated bubble and is described in the next section. The error estimate is presented
in Appendix D, where we compare the numerical solution of (34) with the solution of the full
two-dimensional problem (10).

1. Initial and boundary condition for the averaged temperature

To find the initial and the boundary conditions for the averaged temperature in the thin film, the
idea is to match the film averaged temperature with the averaged temperature in the channel ahead
and behind. To do so, we write the energy balance under thermally fully developed conditions in
the liquid ahead of or behind the bubble [74] assuming that the portion of the channel considered
is much greater than the channel half width. Specifically, we consider an infinitesimal slice of the
channel in regimes where convective heat transport dominates over axial conduction in the channel
and viscous dissipation is neglected. Thus, the net heat transferred over an small portion of the
channel δx̂ with respect to the laboratory reference frame is given by

δq = ṁ cp (T̂b|x̂+δx̂ − T̂b|x̂ ), (36)

where ṁ is the mass flow rate and T̂b is the bulk temperature; the heat transferred from the wall to
the fluid is given by δq = −q′′

w P δx̂ with P the wetted perimeter of the channel cross-sectional area
A. Combining the definition of the mass flow rate, ṁ = ρ f AU∞ with that of the thermal diffusivity
α f , and taking the limit δx̂ → 0, the energy balance (36) is recast in the differential form

dT̂b

dx̂
= − q′′

w

U∞

P
A

α f

κ f
. (37)

Under uniform heating conditions, the right-hand side of (37) is independent of x̂, highlighting
that the bulk temperature of the liquid varies linearly with the axial coordinate. The geometrical
factor P/A equals 1/R or 2/R for a planar channel and a cylindrical tube, respectively, yielding
P/A = (1 + m)/R. Since the bulk and the averaged temperature differ by at most O(ε2 Pe), we
assume that 〈ϑ〉 ≈ ϑb; see Eq. (41).

063602-11



BOTTICINI, PICCHI, AND POESIO

Then, introducing the dimensionless bulk temperature ϑb via (9) and the axial coordinate (in the
laboratory reference frame) x = x̂/L, and using relations (3) and (4) the energy balance (37) reads

d〈ϑ〉
dx

≈ dϑb

dx
= − ν(1 + m)0.643 ε2

1 − (1 + m)0.643 ε2
, (38)

where we see that the slope of the bulk temperature is small and of the order of O(ε2).
The initial and boundary conditions of the effective model are obtained by integrating Eq. (38),

and setting the integration constant to zero, consistent with the initial condition (17) at 〈ϑ〉|x=0 =
0. Specifically, we impose the following Dirichlet boundary conditions at the the right and left
boundaries of the film domain

〈ϑ〉|ξ = − ν(1 + m)0.643 ε2

1 − (1 + m) 0.643 ε2
(ξ + t ), (39)

where we shift from the laboratory to the moving reference frame via x = ξ + t . Evaluating
Eq. (39) at t = 0 yields the initial condition.

IV. RESULTS AND DISCUSSION

In this section, we discuss the ramifications of the effective model to understand why the presence
of an elongated bubble enhances heat transfer under uniform heating conditions, identifying the key
physical mechanisms and the scaling of the Nusselt number for this problem.

A. Effective heat-transfer coefficients and averaged temperature field

Figure 3 shows the impact of the Péclet number on the effective coefficients appearing in
Eq. (34), ranging from Pe = O(1) (diffusion-dominated regime) to the limiting case Pe = O(ε−2)
(advection-dominated). Those coefficients strongly depend on the shape of the meniscus, suggesting
that different regions of the film (i.e., the uniform film, the front and the rear) may contribute
differently to the overall heat transfer. Each of them originates from averaging the velocity profile
and the Brenner’s functions as summarized in Table I: this means that it is possible to rigorously
track back the physical mechanism responsible of an enhancement or a reduction of the effective
coefficients.

The effective advection coefficient u�, shown in Fig. 3(a), is the sum of the pure advection in
the axial direction (u0 in Table I), the imposed heat-flux at the channel wall (u9), advection in both
axial and traverse directions via the Brenner’s function (u1, u2, and u5), the combined effect of axial
and traverse advection and the Brenner’s function due to the boundary conditions (u3, u4, u6, u7,
and u8). Interestingly, u� is negligible only in the uniform film region, where the capillary driving
force is negligible and the fluid is at rest, i.e., d3η/dξ 3 = 0 in Eq. (1) when η = 1. Instead, the
shape oscillations at the bubble rear induce changes in its sign since the advective contributions to
u� (see u1 and u2 in Table I) are proportional to the derivative of the bubble shape, ∝ −η ∂ξη Pe.
As a result, the effective advection increases with the Péclet number at the bubble rear, while at the
front it exhibits a nonmonotonic behavior—particularly in the advection-dominated regime—due to
the competition between advection and the imposed heat flux.

In the uniform film region the energy is transported purely by thermal diffusion, and the effective
diffusion coefficient D� equals unity, as shown in Fig. 3(b). In the transition regions, instead, there
is a net flow in the axial and transverse direction (see the streamlines in Fig. 9) that enhances the ef-
fective diffusion coefficient at sufficiently large Péclet numbers. The leading contribution to D� (de-
noted as D0 in Table I) follows the scaling law typical of the Aris-Taylor dispersion—a quadratic de-
pendence on the film-scale Péclet number—with a numerical prefactor equal to the theoretical limit
for plane Poiseuille flow, 2/105. The evolution of the effective thermal diffusion coefficient is sim-
ilar to the one obtained for the transport of a passive scalar in a thin film in Picchi and Poesio [45].

The effective coefficient accounting for viscous dissipation ��, shown in Fig. 3(c), is
only weakly dependent on Pe. Specifically, the leading contribution to �� (denoted as �0 in
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(a) (b)

(c) (d)

FIG. 3. Impact of the Péclet (Pe) number on the model effective coefficients, see Eq. (33), for advection,
diffusion, viscous dissipation, and heat flux as functions of the axial coordinate ξ : (a) u�, (b) D�/Pe, (c)
��, (d) q�; right, meniscus profile η(ξ ). The small-scale parameter is set to ε = 0.1, corresponding to
Ca ≈ 3.33 × 10−4.

Table I) takes the form of a quadratic expression ∝ (η − 1)2/η4, that can be seen as the product
of the pressure gradient, (η − 1)/η3, and the averaged speed, (η − 1)/η, in the thin film, obtained
via the lubrication theory [3,55]. This is the typical form of the viscous dissipation or the entropy
production (when divided by the temperature) of a fluid flow in a confined geometry [75]. The
viscous dissipation is maximal in the front (there is a region near the nose where the pressure
gradient is maximal) and in the rear corresponding to the meniscus undulations where local
recirculation vortices are present, see the streamlines in Fig. 9.

Similarly, the leading contribution to the effective heat source term q� (denoted as q0 in
Table I) scales as the inverse of the film thickness, q0 ∼ η−1, suggesting that heat transfer is
enhanced in regions where the fluid layer is smaller, namely, the uniform film region and the
bubble’s rear, as shown in Fig. 3(d). Higher Péclet numbers simultaneously increase q� at the front
and decrease it at the rear: when advection prevails, in fact, the velocity field tends to locally
accumulate heat in the front, while removing it from the bubble’s rear, see the streamlines in
Fig. 7(b).
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(a) (b)

(c) (d)

FIG. 4. Impact of the Péclet (Pe) and Brinkman (Br) numbers on the mean film temperature 〈ϑ〉 in a
cylindrical tube (m = 1), under inward heat flux conditions (ν = −1), as a function of the axial coordinate
ξ , evaluated at fixed time instants t : (a) Pe = 1, (b) Pe = 10, and (c) Pe = 50, with Br = 0; in panel (d)
Pe = 10 and Br = 1; right, meniscus profile η(ξ ). The small-scale parameter is set to ε = 0.1, corresponding
to Ca ≈ 3.33 × 10−4.

Figure 4 shows the evolution of the averaged temperature field obtained solving numerically
(34) as described in Sec. III D for the case of a cylindrical tube heated uniformly from the wall.
The chosen time interval corresponds to the onset of thermally fully developed conditions in the
reference frame attached to the bubble. At early times, the temperature increases almost uniformly
along the central portion of the bubble, while, as time elapses, the temperature profile becomes
almost linear in the thin film region. Under conditions of imposed uniform heat flux, a steady-state
solution for the averaged temperature field in the moving reference frame cannot be achieved since
the film is continuously heated from the solid boundary. However, a fully developed heat transfer
coefficient is reached once the difference between the bulk and the wall temperatures becomes
independent of the axial coordinate [74], as it will be discussed in detail in Sec. IV B.

As shown in Figs. 4(a)–4(c), increasing the Péclet number leads to a sharper temperature gradient
at the rear of the bubble and amplifies the peak located at the point of minimum film thickness. This
is consistent with fluid recirculation in the bubble’s rear (see Fig. 9), which increases the residence
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time of a fluid particle being continuously heated from the wall. A similar trend is observed in
regimes where viscous dissipation plays a role: comparing Figs. 4(b) and 4(d), which differ only in
the Brinkman number, we see that viscus heating amplifies both the height of the triangular profile
and the magnitude and width of the peak, but, overall, the temperature profiles look qualitatively
similar.

B. Local Nusselt number

The heat-transfer enhancement induced by an elongated bubble is quantified via the local
convective heat transfer coefficient, defined as the ratio between the specific heat flux entering the
fluid, q′′

w, and the difference between the wall temperature and the bulk temperature [49,57,74,76],
that, in terms of the dimensionless variables defined in Sec. II C, yields

h = −ν
κ f Ub h∞

α f L(ϑw − ϑb)
, (40)

where ϑw ≡ ϑ |y=0 is the dimensionless wall temperature and ϑb is the dimensionless bulk tempera-
ture. The latter is defined as an enthalpy-weighted average relative to the laboratory reference frame
and differs from the mean film temperature 〈ϑ〉 due to higher-order corrections:

ϑb ≡
∫ η

0 u ϑ dy∫ η

0 u dy
= 〈ϑ〉 + ε2−p ϑ

(1)
b + O(ε2(2−p) ), with ϑ

(1)
b ≡

∫ η

0 u ϑ (1) dy∫ η

0 u dy
. (41)

Such average is taken over the liquid film thickness, given its dominant heat capacity relative to
the one of the gas [77]. Expanding the wall temperature, ϑw = 〈ϑ〉 + ε2−p ϑ (1)

w + O(ε2(2−p) ), and
combining Eqs. (40) and (41) we obtain a closed–form solution for the local Nusselt number based
on the uniform film thickness

Nuh∞
x = h h∞

κ f
= − ν

ϑ
(1)
w − ϑ

(1)
b

. (42)

This formulation of the local Nusselt number is based on the uniform film thickness as the
relevant length scale for the forced convection around an elongated bubble. However, the local
Nusselt number for Taylor flows is conventionally formulated using the hydraulic diameter, namely,
2(2 − m)R, instead of the uniform film thickness (see, e.g., Refs. [28,29,32]). Thus, rescaling
Eq. (42) with 2(2 − m)R/h∞ via Eq. (3), we get the local Nusselt number based on the hydraulic
diameter as

Nux = − 2(2 − m)

0.643(3 Ca)2/3

ν

ϑ
(1)
w − ϑ

(1)
b

. (43)

Using Eqs. (29) and (30) and the velocity profile (C1), the first-order corrections to the wall and
bulk temperature are given by

ϑ (1)
w (ξ, t ) = η

(
η − 1

15
− 1

6 Pe

dη

dξ

)
∂〈ϑ〉
∂ξ

+ 2 Br

5

(
η − 1

η

)2

− ν
η

3
, (44a)

ϑ
(1)
b (ξ, t ) = η

(
−2(η − 1)

105
+ 7

120 Pe

dη

dξ

)
∂〈ϑ〉
∂ξ

− 4 Br

35

(
η − 1

η

)2

+ ν
η

15
, (44b)

and these are, then, substituted into Eq. (43), yielding

Nux = Nu0

η(1 − ν 
)
, with Nu0 = 5(2 − m)

0.643(3 Ca)2/3 , (45)
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where Nu0 is the Nusselt number in the uniform film region and 
 accounts for the contribution of
advection and viscous dissipation as


(ξ, t ; Pe, Br) =
(

3(η − 1)

14
− 9

16 Pe

dη

dξ

)
∂〈ϑ〉
∂ξ

+ 9 Br

7

(η − 1)2

η3
. (46)

To sum up, the local Nusselt number in the thin-film region surrounding an elongated, inviscid
Bretherton’s bubble (i.e., negligible inertial and gravitational effects) under uniform heat flux
conditions depends on space and time through the film thickness, its slope, and the temperature
gradient. This dependence is governed by a set of dimensionless groups—namely, the Péclet,
Brinkman and capillary numbers—as well as the cross-sectional geometry and the orientation
of the thermal flux, namely, Nux = Nux(η, dη/dξ, ∂〈ϑ〉/∂ξ ; Pe, Br, Ca; ν, m). Formulated as in
Eq. (45), we see that the dependence on the capillary number enters only via Nu0, while the Nusselt
number scales as the inverse of the film thickness, Nux ∼ η−1, similarly to what observed for
core-annular flows in Botticini et al. [49]. The Péclet and the Brinkman numbers only affect the
term (1 − ν 
) and have a small effect on the Nusselt number.

In the uniform film region, where η = 1, dη/dξ = 0, and 
 = 0, Nux depends only on the
capillary number and the geometry of the cross-section, i.e., Nux = Nu0(Ca, m), simplifying to
Nux ≡ Nu0 ≈ 3.7383 Ca−2/3 for a cylindrical tube (m = 1). Therefore, viscous dissipation and
temperature gradient do not affect the heat transfer coefficient in the uniform film region of the
elongated bubble. There, in fact, the fluid is at rest and the thermal problem is dominated by
thermal diffusion. In Appendix E, the local Nusselt number predicted by our model is compared with
numerical results from the literature beyond its rigorous range of validity, indicating the dominant
role of film thickness in heat transfer.

Outside the flat-film region, the evolution of the local Nusselt number is highly sensitive to
both the shape of the interface and time, as shown in Fig. 5. In general, the local Nusselt number
decreases over time in the rear of the bubble and increases in the front. Specifically, at low Péclet
numbers—Fig. 5(a)—diffusion dominates over advection and the decay of the local Nusselt number
in the rear is smooth and monotonic, while no significant temporal variation is observed in the front.
As advection becomes more relevant—Fig. 5(b)—the increase of Nux in the front becomes more
pronounced with time, suggesting the onset of convective enhancement in that region. In the strongly
advection-dominated regime—Fig. 5(c)—the Nux profile in the rear shows a local minimum that
progressively shifts toward the tip of the bubble with time, accompanied by a steepening near the
point of minimum film thickness (at ξ ≈ −10). Interestingly, in the front, the local Nusselt number
increases significantly with time far from the uniform film due to the predominant advection (the
effect of the transverse velocity is significant there). However, it is worth mentioning that, when
η � 1, the profile matches the spherical cap and the thin-film approximation does not hold anymore.

Viscous heating reduces the peak in the local Nusselt number in the bubble’s rear compared to
the case with Br = 0; see Fig. 5(d). This indicates a lower heat-transfer efficiency since part of the
thermal energy is internally generated and is not exchanged with the solid wall.

C. Averaged Nusselt number in the thin film

A more complete characterization of forced convection in the thin film of an elongated bubble
is given by the averaged Nusselt number, computed via integration of the local Nusselt number
over the axial direction (see, e.g., Refs. [26,57]). Alternative averaging approaches are discussed in
Appendix F.

In the following, we investigate the effect of the film length on the averaged Nusselt number
distinguishing between the three sub-regions, namely, the rear, the uniform film, and the front. Thus,
we introduce the average Nusselt numbers for the rear and the front as

Nufront = 1

�lfront

∫
front

Nux(ξ ) dξ, Nurear = 1

�lrear

∫
rear

Nux(ξ ) dξ, (47)
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FIG. 5. Impact of the Péclet (Pe) and Brinkman (Br) numbers on the local Nusselt number Nux for the
cases shown in Fig. 4 (i.e., ε = 0.1, corresponding to Ca ≈ 3.33 × 10−4); right, meniscus profile η(ξ ).

while the Nusselt number in the uniform-film region is independent of its length l , i.e., Nu0 = Nu0.
Therefore, we can define the averaged Nusselt number at the film level as

Nu(t, Pe, Br, ε) = �lrear Nurear + l Nu0 + �lfront Nufront

�lrear + l + �lfront
. (48)

In Fig. 6, we examine the impact of the Péclet and Brinkman numbers at a fixed capillary
number (ε = 0.1) on the time evolution of Nu in the front and in the rear of the bubble. Typically,
the averaged Nusselt number increases with time and exhibits an S-shaped evolution at the front,
whereas a reversed trend in the rear, see Fig. 6(a). An exception occurs for Pe = 1, where diffusion
competes with advection, resulting in a monotonically decreasing profile of the averaged Nusselt
number at the front. When the problem is thermally fully developed, t � 0, in the front, the final
Nufront, t→∞ increases with the Péclet number and saturates to a common asymptotic value for
Pe = 50 and Pe = 90. At the rear, instead, Nurear, t→∞ follows a nonmonotonic trend increasing
in the following order Pe = (1, 2, 90, 50, 10). Interestingly, at high Péclet numbers (Pe > 10),
the average Nusselt number in the rear exhibits an undershoot followed by damped oscillations,
reflecting the emergence of transient thermal instabilities before reaching thermally developed
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(a) (b)

(c) (d)

FIG. 6. Impact of the Péclet (Pe) and Brinkman (Br) numbers on the averaged Nusselt numbers for the
front (Nufront), rear (Nurear), and uniform-film (Nu0) regions, see Eqs. (47) and (45). Time-dependent evolution
of the averaged Nusselt numbers at different Péclet numbers for fixed values of flat-film length l and Brinkman
number: (a) l = 0 and Br = 0, (b) l = 0 and Br = 1, (c) l = 10 and Br = 0. (d) Influence of l on the
film-averaged Nusselt number Nu, given in Eq. (48), under thermally fully developed conditions. Small-scale
parameter: ε = 0.1.

conditions. The effect of viscous dissipation (Br = 1) yields a similar overall trend, as shown in
Fig. 6(b). The only difference is that the long-time value in the front increase according to the
sequence Pe = (1, 2, 10, 90, 50) rather than monotonically with the Péclet number due to the
competing effects of advection and viscous heating.

In Fig. 6(c) we show the impact of a uniform film of 10 dimensionless units in length. The
overall behavior is similar to that described in Fig. 6(a) for the case l = 0, except for the fact that
increasing its length leads to more intense and irregular fluctuations in the averaged Nusselt number
in the bubble rear in regimes where advection is dominant. The uniform film length has the strongest
impact on the final Nut→∞ taken over the entire bubble: as l increases, it converges toward the
uniform-film value Nu0 due to its growing relative weight in the spatial average (48); see Fig. 6(d).
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FIG. 7. (a) Temporal evolution of the averaged Nusselt number at the front and rear of the bubble,
highlighting six reference points (labeled “A” to “F”) illustrating the oscillatory dynamics. (b) Streamlines in
the moving reference frame and contours of the relative velocity magnitude U rel, see Eq. (C1). For the selected
time instants, spatial evolution along the rear interface of (c) the local Nusselt number. Small-scale parameter:
ε = 0.1.

To better understand the time evolution of the average Nusselt number, we try to illustrate the
underlying physical mechanisms in Fig. 7 choosing Pe = 50, where the time oscillations in the
bubble rear are present. Specifically, in the front, the time required for the Nusselt number to reach
its final value is of the order of the time required for a fluid particle initially in contact with the wall
to reach the channel centerline and return. This time interval can be estimated as the time required
for the bubble to travel a distance equal to the channel diameter, equal to t∗ ∼ (2 R/Ub)(Ub/L) =
2(0.643 ε)−1 in dimensionless terms, see Fig. 7(a). In fact, in the front, clockwise vortices entrain
hot fluid into the computational domain, enhancing forced convection and increasing the averaged
Nusselt number over time [see the streamlines in a reference frame attached to the bubble in
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Fig. 7(b)]. Conversely, at the rear, the vortices advect hot fluid away from the film, leading to a
reduction of heat transfer.

The oscillatory behavior of the averaged Nusselt number at the bubble rear—also identified in
previous studies (e.g., Refs. [32,78,79])—is linked to the coupling between the interface geometry
and the development of flow recirculation in the rear, resulting in intermittent heating and cooling
flow patterns [38,80]. To show this, we identify six characteristic time instants (“A” to “F”) in
Fig. 7(a). Specifically, the temporal fluctuations originate from the flow constriction at the point of
minimum film thickness, where a heat pulse forms and remains trapped in the recirculation zone. At
the location of the bubble undulations in the rear the effective advection coefficient u� changes sign,
see Fig. 3(a), and the hotspot is advected back and forth. This alters the temperature distribution,
progressively reducing the maximum of the local Nusselt number at ξ ≈ −9.5 and distorting its
profile near ξ ≈ −11.5 [see Fig. 3(c)]. The interplay between peak suppression and hump formation
modifies the area under the local Nusselt number, namely, the average Nusselt number over the film
length. Over time, diffusion and the heat entering from the wall smooth out the hotspot, as illustrated
in the Supplemental Material Movie [81].

V. CONCLUSIONS

In this paper, we developed an asymptotic one-dimensional model to describe forced convection
in the liquid film surrounding a single elongated bubble within a horizontal channel subjected to
a uniform heat flux. The resulting formulation can be interpreted within an extended Graetz-type
framework, where transport under creeping-flow conditions is governed by the competition between
advection and diffusion. In the visco-capillary regime—characterized by negligible gravitational
and inertial effects—and in the limit of an inviscid, nonconductive gas phase, the mathematical
description of the system reduces to a single advection–diffusion-heat-transfer equation, where
the dominant thermal transport mechanisms, namely, transverse diffusion and axial advection,
are modeled through effective coefficients that depend exclusively on the Péclet and Brinkman
numbers, as well as on the geometry of the gas–liquid interface. Interestingly, the resulting diffusion
coefficient generalizes the classical Taylor-Aris dispersion to thermal dispersion in a thin film.

We derived a closed-form expression for the Nusselt number, elucidating how film-driven flow
confinement enhances heat transfer compared to the single-phase regime. In the uniform-film region,
the local Nusselt number remains uniform and scales inversely with the capillary number following
a 2/3 power-law, highlighting the impact of phase topology on heat removal efficiency. Additionally,
we clarified the role of recirculation patterns emerging at the front and rear menisci in shaping the
overall thermal response of the film under advection-dominated conditions. We demonstrated that
the formation of hotspots at the point of minimum film thickness—resulting from the interplay
between purely diffusive transport in the uniform-film region and the flow constriction in the bubble
rear—gives rise to an oscillatory thermal dynamics of the averaged Nusselt number. Our analysis is
complemented by the identification of the model’s applicability region, where upscaling remains a
physically consistent approach.

Future work may explore the extension of this framework to regimes with larger capillary
numbers and with fluid evaporation/condensation. This would enable the investigation of thermal
interactions between consecutive slugs in bubble-train flows, shedding light on more complex flow
patterns and their influence on the overall heat-transfer performance in heat-transfer applications.
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APPENDIX A: VALIDITY OF BRETHERTON THEORY

By applying the lubrication approximation to the Navier-Stokes equations over a characteristic
length L = h∞(3 Ca)−1/3 and retaining only the leading-order terms, Bretherton [3] derived the
equation (1) for the dimensionless profile of the dynamic menisci. This formulation is valid provided
that ε = (3 Ca)1/3 � 1 and Re � 1. Consequently, the Bretherton [3] theory is no longer applicable
to bubbles exhibiting a long transition region with a sharp tip, as well as to flows with nonnegligible
inertia [56]. Several extensions have been proposed to relax these limitations. In particular, Aus-
sillous and Quéré [82] and Klaseboer et al. [83] introduced a saturation term in the asymptotic
matching condition (3), allowing the model to be applicable at finite capillary numbers so that it
describes the deposition of thicker films. Later on, de Ryck [84] and Magnini et al. [85] developed a
more complete analytical framework to include the full expression of the film curvature in a circular
tube and retain all terms of order O(ε), accounting also for finite inertia as long as ε2 � 1. While
these models recover the model of Bretherton [3] at low Ca, they exhibit deviations at higher values
of the capillary number. The comparison among these models is summarized in Fig. 8. Figure 8(a)
shows the predicted dimensionless film thickness, highlighting that the classical 2/3 scaling holds
only in the low-Ca limit. In terms of absolute relative error, Fig. 8(b), the Bretherton asymptotic law
(3) remains within 2% for Ca < 5 × 10−4 with respect to the model proposed by de Ryck [84] and
Magnini et al. [85]. Note that, the latter models provides a more accurate reconstruction of the film
profile by accounting for the full expression of the interface curvature κ̂ (see Eq. (20) in Magnini
et al. [85]).

In this work, we limit our interest in the low-Ca regime choosing ε = 0.1, corresponding to Ca ≈
3.33 × 10−4. Thus, the error in predicting the film thickness using the leading-order Bretherton
theory instead of the one by de Ryck [84] is still small [around 1.4% in Fig. 8(b)]. As shown in
Fig. 8(c), the relative error on the film profile η(ξ ) between the Bretherton [3] model and that of
de Ryck [84] is below 2% for η � 15 (highlighted by the circular marker), which corresponds to
a film thickness of approximately 10% of the channel radius; in this work we compute the film
profile approximately up to that point. Note that the the model of de Ryck [84] and Magnini et al.
[85] enables the matching between the dynamic film region and a static spherical cap, as shown in
Fig. 8(d), at the point (highlighted by the asterisk) where the axial and transverse components of
the curvature coincide. This extends the film profile closer to the tube axis as the capillary number
increases.

It is also worth mentioning that the Bretherton theory breaks down at ultra-low capillary numbers
where long-range intermolecular forces, such as van der Waals interactions, must be taken into
account to accurately describe the thin-film dynamics [86–89]. Therefore, the present analysis
is restricted to regimes where the capillary number is sufficiently small that the effect of full
description of the film curvature with respect to the Bretherton theory remains small and, at the
same time, the capillary number is still above the threshold below which the disjoining pressure
plays a role.

APPENDIX B: EQUIVALENCE OF THE PLANAR AND RADIAL COORDINATES
IN THE LOW Ca LIMIT

In this Appendix we show that, in the Ca � 1 limit, the planar and the axisymmetric configura-
tions are asymptotically equivalent as in Ref. [3]. Specifically, recalling that the transverse and the
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FIG. 8. (a) Dimensionless film thickness predicted by different models and (b) corresponding absolute
relative error (in percent) with respect to the inertialess limit of the model of de Ryck [84], as a function of the
capillary number. For ε = 0.1, (c) comparison of the front meniscus profiles predicted by the Bretherton [3]
model and by the model of de Ryck [84]; right axis: absolute relative error (in percent); (d) axial and transverse
components of the dimensionless interface curvature as a function of the transverse location: model of de Ryck
[84] (solid lines) and Bretherton model (dashed lines). Asterisk: point corresponding to the matching condition.
Circular marker: η = 15.

radial coordinates are related via ŷ = R − r̂ (see Fig. 1) and using Eq. (3) we obtain

ŷ

h∞
= 1 − r̂/R

0.643(3 Ca)2/3 , (B1)

that maps the thin layer onto an O(1) interval [90,91]. Then, applying the chain rule we see that
the the differential operators in cylindrical coordinates reduce to their planar counterparts up to
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FIG. 9. Streamlines in the laboratory reference frame and contours of the absolute velocity magnitude U abs,
see Eq. (C1).

higher-order corrections (y = ŷ/h∞ and r = r̂/R):

1

r
∂r (r �) = − ∂y�

0.643(3 Ca)2/3 + �

1 − 0.643(3 Ca)2/3 y
≈ − ∂y�

0.643(3 Ca)2/3 , (B2a)

1

r
∂r (r ∂r �) = 1

0.6432(3 Ca)4/3

(
∂yy � − 0.643(3 Ca)2/3

1 − 0.643(3 Ca)2/3 y
∂y�

)
≈ ∂yy�

0.6432(3 Ca)4/3 . (B2b)

APPENDIX C: VELOCITY PROFILE IN THE THIN FILM

The velocity profile in the thin film is obtained following the classical Landau-Levich-Derjaguin-
Bretherton theory, by means of the lubrication approximation, as shown in Ref. [3]. Specifically, the
axial velocity u follows from the incompressible Stokes equation for a Newtonian free-surface film,
while the transverse component v is obtained via the continuity equation [45], yielding the following
dimensionless velocity components

u(η, y) = 3 y(η − 1)(2 η − y)

2 η3
, v(η, y) = y2[(3 − 2 η)y − 3 η(2 − η)]

2 η4

dη

dξ
. (C1)

These expressions fix a typo with respect to Eqs. (A7) and (A8) in Picchi and Poesio [45], where
a prefactor 3 [consistent with the axial stretching embedded in the definition of the small-scale
parameter (2)] is missing. Figure 9 provides the streamline representation of the velocity field in the
laboratory reference frame. Given the velocity profiles, the viscous dissipation function is computed
analytically as

�(η, y) = 2 ε2

[(
∂ u

∂ξ

)2

+
(

∂ v

∂y

)2
]

+
(

∂ u

∂y
+ ε2 ∂ v

∂ξ

)2

=
[

3(η − 1)(η − y)

η3

]2

+ O(ε2). (C2)

APPENDIX D: ACCURACY OF THE EFFECTIVE MODEL

The one-dimensional effective model (34) is validated with the depth-averaged temperature
[through the operator (20)] of the two-dimensional solution θ2D of the full energy balance equa-
tion (10). The latter is computed using the finite element method (FEM) discretization scheme,
implemented via MATLAB’s built-in Partial Differential Equation Toolbox, PDETOOL [92]. The
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(a) (b)

FIG. 10. (a) Time evolution of the average film temperature 〈ϑ〉 along a cylindrical tube (m = 1) under
uniform heating (ν = −1), obtained from the effective model (34) (solid lines) and the 2D full problem (10)
(dashed gray lines: θ2D) for Pe = 1 and Br = 0. (b) Absolute error |E (ξ, t )| = |〈θ2D〉 − 〈ϑ〉| corresponding
to each pair of temperature profiles. The dashed horizontal blue line represents the theoretical error bound
prescribed by homogenization with ε = 0.1. Right, meniscus profile η(ξ ) with l = 0.

computational domain is delimited by four sides: the Dirichlet-type conditions (39) are imposed
on the left and right boundaries; the Neumann condition (13) prescribing a uniform heat flux is
applied at the bottom wall; and the adiabatic condition—corresponding to Eq. (15) in the limit of
K → 0—is enforced on each mesh element of the bubble fluid interface obtained solving Eq. (1)
and discretizing it according to the mesh elements. The initial temperature field (t → 0) is set to
the linear profile (39), while the problem is solved in a reference frame attached to the bubble. The
liquid film is represented using an adaptive triangular mesh composed of quadratic elements—with
nodes at corners and edge centers—characterized by a maximum element height of 0.025 and a
growth rate of 2, ensuring adequate resolution near the interface. A polygonal approximation is
used to reconstruct the front and rear film domains, based on 301 uniformly spaced points along
the longitudinal direction. To interpolate data from mesh nodes onto a rectangular Cartesian grid
and perform transverse averaging, a uniform spatial resolution of �y ≈ 2.5 × 10−4 is used over
the interval [0; maxξ η]. Consistent with our analysis in Sec. IV, the numerical simulations are
performed at a fixed capillary number (i.e., ε = 0.1) and they are stopped when the tempera-
ture field reaches fully thermal development conditions, corresponding to a dimensionless time
t ∼ 100.

To evaluate the accuracy of the effective model, we introduce the absolute error E (ξ, t ) ≡
〈θ2D〉 − 〈ϑ〉 between the averaged fully resolved solution and its approximation obtained via the
asymptotics. This metric is widely adopted to estimate the error introduced by the asymptotic
expansions and unresolved high-order terms [66,93].

Figure 10(a) compares the spatial evolution of the averaged fully resolved solution and its ap-
proximation obtained via two-scale expansions at fixed time instants choosing the lowest admissible
Péclet number, Pe = 1, which gives the most stringent tolerance criteria. In fact, the upscaled
solution is predictive of the small-scale behavior only if the absolute error remains bounded by
the expansion parameter, i.e., |E | � ε2 Pe. As shown in panel (a), the averaged temperature profiles
overlap at each time considered, indicating an excellent agreement between the full and the approxi-
mated solution. In panel (b), we analyze the spatial distribution of the absolute error along the bubble
profile. The error remains bounded by ε2 Pe over most of the domain except for a small region
in the bubble’s rear where, at sufficiently high times, it locally exceeds this theoretical threshold
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FIG. 11. Comparison between the spatial evolution of the local Nusselt number Nux predicted by the
upscaled model (with m = 1) in the limit 
 → 0 (continuous black line)—see Eqs. (45) and (46)—and
available results from numerical simulations of an elongated bubble in a horizontal capillary under iso-flux
boundary conditions: (a) Gupta et al. [77], (b) Asadolahi et al. [94] (blue and red dashed lines); right, meniscus
profile η(ξ ) (dotted gray line). Here, x̂ denotes the dimensional axial coordinate relative to the laboratory
reference frame, consistent with the cited works.

(−15 � ξ � −10). This is attributed to a localized steepening of the temperature profile that makes
the first derivative of the averaged temperature greater than the unity, i.e., |∂〈ϑ〉/∂ξ | � O(1),
amplifying the contribution of higher-order corrections in Eq. (29). We recall that an underlying
hypothesis of methods based on two-scale asymptotics is that, after normalization, the derivatives
remain of order one, but, as in this case, there may exist regions of the domain where this condition
is not met. Despite this, the absolute error remains small, confirming the robustness and reliability
of the approach, as shown in Fig. 10(a).

APPENDIX E: COMPARISON WITH EXISTING LITERATURE

In Fig. 11, we compare the local Nusselt number predicted by the scaling law (45) derived
from the effective model (34) with two numerical studies from the literature, detailed in Table II.
Unfortunately, a survey of the literature did not reveal experimental or numerical data for the heat
transfer problem within the applicability region of the model expressed by Eq. (35), particularly in
the limit of Ca → 0 and Re → 0. Specifically, in both cases, Ca = O(10−3), while the Reynolds
number is finite, Re = O(102), for which inertial effects cannot be ignored, especially in the
undulations of the bubble rear [84,85]. Also the Péclet numbers slightly exceed the theoretical
bound expressed by Eq. (35), implying that, since the inequalities given by Eq. (35) are not met, the
rigorous thermal decoupling between the transverse and the axial scales cannot be guaranteed [95].
Nevertheless, it is worth recalling that those constraints provide only sufficient but not necessary
conditions, and are, in some, cases even too restrictive [62,96,97]. Therefore, we compare the
numerical data of Gupta et al. [77] and Asadolahi et al. [94] with the local Nusselt number obtained
with our model neglecting (i) the viscous dissipation, since the Brinkman number is of order <10−3,
see Table II; and (ii) the contribution of the axial temperature gradient, that is not given in those two
works. This corresponds to the limit lim
→0 Nux (with m = 1), see Eqs. (45) and (46).

Figure 11(a) shows the comparison with Gupta et al. [77] where the elongated bubble is inves-
tigated using both the level-set and volume-of-fluid implemented through the TransAT (dashed red
line) and ANSYS Fluent (dashed blue line) codes, respectively. Note that the discrepancies between
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TABLE II. Summary of simulation parameters adopted in two numerical studies on heat transfer in
nonboiling gas-liquid Taylor flow within horizontal circular (m = 1) microchannels subject to iso-flux heating
(ν = −1) boundary condition at the wall; see Fig. 11.

Parameter [unit of measurement] Symbol Gupta et al. [77] Asadolahi et al. [94]

Reference frame fixed fixed and comoving
Tube radius [m] R 2.5 × 10−4 1 × 10−3

Specific wall heat flux [W/ m2 ] |q′′
w| 3.20 × 104 3.20 × 104

Gas/liquid air/water nitrogen/water
Liquid dynamic viscosity [Pas] μ f 8.90 × 10−4 8.90 × 10−4

Liquid thermal conductivity [W m−1 K−1] κ f 0.6 0.6
Liquid density [kgm−3] ρ f 997 997
Surface tension [Nm−1] σ 0.072 0.072
Gas-to-liquid viscosity ratio 2.06 × 10−2 2.36 × 10−2

Gas-to-liquid thermal conductivity ratio K 4.03 × 10−2 4.03 × 10−2

Uniform film thickness [m] h∞ 1.10 × 10−5 4.10 × 10−5

Scale parameter ε 0.262 0.234
Bubble mean velocity [ms−1] Ub 0.483 0.348
Interfacial length [m] L 4.21 × 10−5 1.75 × 10−4

Capillary number Ca = μ f Ub/σ 5.97 × 10−3 4.30 × 10−3

Reynolds number Re = ρ f Ub R/μ f 135 390
Weber number We = Ca Re 0.80 1.67
Bond number Bo = ρ f gR2/σ 8.50 × 10−3 1.36 × 10−1

Péclet number Pe = L Ub/α f 141 422

Brinkman number Br = μ f U 2
b

|q′′
w| h∞

5.89 × 10−4 8.19 × 10−5

− logε Pe p 3.69 4.17
+ logε Br b 5.55 6.49
+ logε K k 2.39 2.21

these two numerical models are caused by differences in the description of the curvature of the
meniscus, which is reconstructed in one case and explicitly tracked in the other. Since the gas-liquid
interface is not reported in Fig. 7 of Gupta et al. [77], we reproduce the bubble profile (right ordinate)
using the Bretherton equation (1), adjusting its length, and translating it along the axial coordinate
to fit with the simulated bubble. Overall, our model exhibits good qualitative and quantitative
agreement with both the numerical simulations, except for the undulating evolution of the Nusselt
number in the bubble’s rear. Those inertia-driven undulations are typical of high-Reynolds-number
regimes [98], and are not captured by Bretherton similarity equation.

Figure 11(b) shows the local Nusselt number data from Asadolahi et al. [94] obtained using
ANSYS Fluent for a unit cell moving with the bubble speed (dashed red line) and with respect to
the laboratory reference frame (dashed blue line). Since Fig. 12 of Asadolahi et al. [94] reports the
computed bubble profile (right ordinate), we use that profile to compute Nux instead of that derived
from Bretherton equation (1). Also in this case, the agreement between the scaling law (45) and the
simulations is quite satisfactory, confirming the primary role of the film thickness in driving the local
evolution of the Nusselt number, similarly to observations reported in earlier works on core-annular
flows [49].

Thanks to its capability of accounting for the thin-film profile, we believe that the scaling law
(45) has the potential of being integrated in widely used mechanistic models for trains of elongated
bubbles [9,16,17,35,99].
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APPENDIX F: OTHER DEFINITIONS OF THE AVERAGE NUSSELT NUMBER

Since its definition is not unique, here, we discuss other definitions of the averaged Nusselt
number that differ from the one obtained by averaging the local Nusselt number given in Eq. (48).
Although, according to Newton’s law of cooling, the local convective heat transfer coefficient at a
solid boundary is defined as the ratio between the heat flux per unit area and a reference temperature
difference, its spatial average varies from case to case.

For example, in the case of external flows (e.g., laminar and incompressible thermal boundary
layer over a flat plate), such temperature difference is typically taken between the wall and the
free-stream temperature. Then, the average heat transfer coefficient is defined as the mean flux
normalized by the fixed temperature difference (in the case of isothermal wall), or as the flux
normalized by the mean temperature difference (in the uniform-flux case). In both cases, the
averaged Nusselt number is not obtained by averaging the local Nusselt number [76,100].

In contrast, in internal convection problems, the reference temperature difference is not uniquely
defined and varies across experimental and numerical studies [101]. This ambiguity leads to differ-
ent definitions of the Nusselt number, particularly in problems with nonisothermal boundaries [102].
The most common approach is to use the temperature difference between the tube wall and a the
enthalpy-weighted average temperature, commonly known as the bulk or mixing-cup temperature
[74,103]; see Eq. (41). Other definitions of temperature difference (e.g., wall-to-bulk, wall-to-inlet,
mean wall-to-inlet, etc.) are usually guided by the application and the imposed boundary condition
[28]. For example, in single-phase channel flow under uniform flux conditions the local Nusselt
number varies only in the thermal entrance region, making the definition of the averaged Nusselt
number as the integral of the local one not relevant outside the entrance region. In this case, in fact,
an alternative formulation of the mean Nusselt number based on a domain-averaged temperature
difference is usually adopted. In other words, instead of averaging the local Nusselt number over
the spatial domain as in Eq. (48), the strategy is to divide the flux by the difference between the
domain-averaged wall temperature and the domain-averaged bulk temperature.

This idea has been borrowed from many works in the context of slug and Taylor flows, where
researchers have been using averaged wall and bulk temperatures [104,105], to define the averaged
Nusselt number over a representative unit cell (e.g., Refs. [38,77,80,94]). Specifically, the Nusselt
number obtained from the averaged temperature difference reads

Ñu = − 2(2 − m)

0.643(3 Ca)2/3

ν

ϑ
(1)
w − ϑ

(1)
b

, with

⎧⎪⎨⎪⎩
ϑ

(1)
w ≡ 1

�

∫
�
ϑ (1)

w dξ,

ϑ
(1)
b ≡

∫
�

∫ η

0 u ϑ
(1)
b dy dξ∫

�

∫ η

0 u dy dξ
,

(F1)

where, in analogy with Eq. (47), the overline denotes a domain average performed over a longi-
tudinal distance � = �lrear + l + �lfront. The domain-averaged first-order corrections to the wall
and bulk temperatures are shown in Fig. 12(a) and their final values vary nonmonotonically
with the Péclet number, increasing for the bulk and decreasing for the wall in the sequence
Pe = (10, 2, 1, 50, 90). Accordingly, the Ñu normalized by the single-phase reference value for a
cylindrical tube Nusp = 48/11 ≈ 4.36 is shown in Fig. 12(b). The Nusselt number decreases mono-
tonically in the diffusion-dominated regimes, while for Pe > 50 it displays a nonmonotonic trend
with an intermediate maximum before reaching thermally fully developed conditions. Specifically,
the final value indicates a heat-transfer enhancement ranging from 6 to 16 times with respect to
single-phase flow.

An alternative formulation has been proposed by Ref. [106] as a time-averaged local Nusselt
number based on wall and bulk temperatures averaged over the recirculation period, motivated
by the periodicity of Taylor flow in a reference frame attached to the bubble. This definition has
been reported to facilitate the comparison between numerical simulations and experimental data
since it is easier to measure averaged quantities along a channel segment than knowing the local
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(a) (b)

FIG. 12. (a) Time evolution of the domain-averaged first-order corrections to the wall (“w”) and bulk (“b”)
temperatures, and (b) averaged Nusselt number Ñu—see Eq. (F1)—relative to the single-phase value Nusp =
48/11 in a cylindrical tube (m = 1) under uniform flux heating (ν = −1), for different values of the Péclet
number Pe, neglecting the impact of viscous dissipation (Br = 0). The domain-average is performed over
a distance � = �lfront + �lrear = 30, with a negligible uniform film region (l = 0). Small-scale parameter:
ε = 0.1.

wall temperature field [107]. It is worth mentioning that the detailed analysis of these alternative
formulations of the Nusselt number falls outside the scope of our work.
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